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The experimental properties of intrinsic localized modes (ILM) have long been compared with
theoretical dynamical lattice models that make use of nonlinear onsite and/or nearest neighbor
intersite potentials. Here it is shown for a 1-D lumped electrical transmission line a nonlinear
inductive component in an otherwise linear parallel capacitor lattice makes possible a new kind of
ILM outside the plane wave spectrum. To simplify the analysis the nonlinear inductive current
equations are transformed to flux transmission line equations with analogue onsite hard potential
nonlinearities. Approximate analytic results compare favorably with those obtained from a driven
damped lattice model and with eigenvalue simulations. For this mono-element lattice ILMs above
the top of the plane wave spectrum are the result. We find that the current ILM is spatially
compressed relative to the corresponding flux ILM. Finally this study makes the connection between
the dynamics of mass and force constant defects in the harmonic lattice and ILMs in a strongly
anharmonic lattice.
PACS numbers: 05.45.-a,63.20.Pw,05.45.Yv
I. INTRODUCTION
An intrinsic localized mode (ILM)1, often referred to as
a discrete breather (DB)2,3, is a characteristic localized
vibrational excitation in a periodic lattice with nonlin-
ear potential energy. The energy profile of a stationary
ILM resembles that of a force constant defect in a har-
monic lattice4,5 but like a soliton, it can propagate; how-
ever, in contrast to a soliton it looses energy as it moves
through the lattice. The theoretical, numerical and ex-
perimental properties of these localized excitations have
been summarized in a number of reviews, often focusing
on the different kinds of applications: they range from
micro-nanomechanical6, to superconducting7, magnetic8,
optical3, lattice dynamical9,10 and defect formation11,12.
In the lattice dynamical studies of ILMs nonlinearity
enters the dynamics through the nonlinear properties of
the effective intersite and/or onsite potentials and the
inertial component is strictly linear. In other fields it
has been recognized that nonlinear inertial contributions
do occur. The large amplitude, strongly nonseparable,
collective motion in the vibration-rotation dynamics of
nuclei represents such a case13–15. The coordinate de-
pendent vibrational and rotational masses that produce
high precision energy levels for the spectrum of the H+3
molecule characterize yet a different class16. These dif-
ferent demonstrations have encouraged us to consider
the dynamical possibilities of a new type of ILM in a
1-D nonlinear transmission line. The dynamical proper-
ties of amplitude dependent inertial masses for strongly
non-separable modes in a nonlinear vibrational lattice
have not yet been treated; however, nonlinear lumped
element electrical transmission line studies have a long
history17–19 and there is a well known translation be-
tween inertial mass and electrical inductance for such lin-
ear transmission lines20. As long as electrical pulses ex-
tend over many nonlinear elements of an electrical trans-
mission line so that continuum equations, such as the
Korteweg-de Vries, could be applied it has been possible
to make contact with soliton behavior21–25. In more re-
cent times interest has shifted from understanding soliton
behavior to the production of high frequency radiation
using electromagnetic shock waves produced by hystere-
sis in nonlinear electric lines26–28. Fundamental studies
focusing on a localized nonlinear excitation with width
comparable to the lattice constant of a lumped electrical
array have appeared in the last decade29–32. To date all
of these ILM systems have made use of nonlinear capac-
itors to produce intersite nonlinear coupling between the
linear inductor lattice sites.
In this report we describe a different kind of ILM as-
sociated with nonlinear inductors equally spaced in an
otherwise linear electrical transmission line. A 1-D elec-
tric lattice with linear intersite capacitance coupling plus
current dependent inductance (without hysteresis) is the
starting point for the development of such an ILM and its
production is studied using three different methods: ap-
proximate analytic, driven-damped and eigenvector sim-
ulations. All three methods are in good agreement and
show that the current ILM is more focused than the corre-
sponding flux ILM and that for the limit of large driving
amplitude the flux ILM excitation approaches localiza-
tion to three cells while the corresponding current ILM
reaches a single lattice cell excitation.
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FIG. 1. (a) Circuit diagram for the electric transmission line
with a saturable nonlinear inductor Ls and linear capacitor
C. (b) Circuit for the driven-damped system. Resistance, R.
The line is driven by an oscillator via Vd+ and Vd− through
coupling capacitor Cd.
II. THREE SOLUTIONS TO THE FLUX
EQUATIONS OF MOTION
A. Approximate analytic method
The transmission line under consideration is shown in
Fig. 1(a). The array consists of linear capacitors C con-
nected to coils; each of n turns rapped around a ferrite
core. For the i-th nonlinear inductor an often used equa-
tion for inductance without hysteresis is33–35
Ii =
1
L0
Λi +
β
L0n3
Λ3i , (1)
where L0 is the linear inductance, and the total flux Λ =
nΦ is the number of turns times the flux through one
turn. The site number i varies from −p/2 + 1 to p/2 for
p lattice points, and i = 0 is the center of the lattice.
In the last term β is the nonlinear parameter and the
flux tends to saturate with increasing current Ii. The
electromotive force across the i-th inductor is
Vi(t) =
dΛi
dt
=
dΛi
dIi
dIi
dt
= Ls(Ii)
dIi
dt
. (2)
According to Eq. (1) the nonlinear inductance,
Ls (Λi) =
L0(
1 + 3βn3Λ
2
i
) , (3)
decreases with increasing flux (or current). Since we end
up focusing on the flux equation the current expression
is given in the appendix. Applying Kirchhoff’s law to
Fig. 1(a) produces the starting equation
Λ˙i = Ls (Ii) I˙i = −Qi
C
+
Qi−1
C
, (4)
where the dot now identifies the derivative with respect
to time. The dynamical equation of interest is
Λ¨i =
d
dt
[
Ls(Ii)I˙i
]
=
d
dt
[
L0
1 + 3βn3Λ
2
i (Ii)
I˙i
]
= − 1
C
(Ii − Ii+1) + 1
C
(Ii−1 − Ii), (5)
where Ls(Ii) is the electrical analogue of a nonlinear mass
in an inertial lattice. Given the complex saturable non-
linear structure of the current equation it is useful to
transform Eq. (5) to a flux equation using Eq. (1). This
has the following form:
Λ¨i = −ω
2
m
4
(2Λi − Λi+1 − Λi−1)
−βω
2
m
4n3
(
2Λ3i − Λ3i+1 − Λ3i−1
)
, (6)
where ω2m = 4/(L0C) identifies the top of the linear plane
wave spectrum and the terms on the far right are analo-
gous to nonlinear onsite potential terms.
To find the approximate analytical frequency depen-
dence of the flux ILM of odd symmetry as a function of
the flux amplitude we follow Ref. [36]. Let
Λi = ξi cosωt, (7)
where the center site is
Λ0 = ξ0 cosωt ≡ α cosωt, (8)
and
ξi = (−1)i αNe−|i|q
′a = (−1)i αN
(
1
y
)|i|
(9)
for |i| > 0. Here q′ is the imaginary part of the wavenum-
ber, a the lattice constant and the amplitude drops off
as e−|i|q
′a away from the center, with a distinct ampli-
tude ratio, N/y, between sites i = 0 and i = ±1. The
center of the odd mode is at i = 0 so ξ0 = α, ξi = ξ−i.
(The construction of the even symmetry mode is similar
and will not be treated here.) Substituting Eq. (7) into
Eq. (6) and applying the rotating wave approximation
gives a relation for the mode frequency. For the i = 0
site the result is
4ω2
ω2m
=
[
2 + 2
N
y
]
+ λ
[
2 + 2
N3
y3
]
, (10)
where the dimensionless nonlinear parameter λ = 3βα
2
4n3
depends on the amplitude squared. For the i = 1 site the
appropriate expression is
4ω2
ω2m
=
[
2 +
1
y
+
y
N
]
+ λ
(
2
N2
y2
+
N2
y5
+
y
N
)
. (11)
To estimate the mode frequency and nearest neighbor
amplitude we use the condition that any local mode far
from its center must obey the general relation37
4
(
ω2
ω2m
)
= [2 + 2 cosh (q′a)] =
(y + 1)
2
y
. (12)
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FIG. 2. (a) Frequency squared as a function of the nonlinear
amplitude parameter λ. Solid curve: solution to the eigenvec-
tor equation; dashed curve: solution to the three analytical
equation approximation; and dotted curve: driven-damped
simulations. (b) Differences between the three kinds of solu-
tions. The solid eigenvector curve is used as a baseline. The
other two curves are measured with respect to the solid curve.
Dashed curve, the three equation method; dotted is the driven
damped method.
Solving Eqs. (10), (11) and (12) for ω2/ω2m , the nearest
neighbor amplitude, ξ1 = −αN/y and y as a function of
λ gives the characteristic ILM properties. The frequency
dependent results are described by the dashed curve in
Fig. 2(a), which illustrates that the ILM frequency varies
linearly with amplitude, α.
B. Driven damped lattice model
Since there is no general analytic solution for an ILM
in this physical lattice we need another procedure to gen-
erate Λi(t) to compare with the dashed curve shown in
Fig. 2(a). The next approach is to set up a driven+weak
damping arrangement for 50 lattice elements shown in
Fig. 1(b) and described by
Λ¨i +
ω2m
4
(2Λi − Λi+1 − Λi−1)
+
ω2mβ
4n3
(
2Λ3i − Λ3i+1 − Λ3i−1
)
+
R
L0
dΛi
dt
= − Cd
C + Cd
(
d
dt
Vd+ − d
dt
Vd−
)
. (13)
Here the resistor R provides damping. Since weak damp-
ing is to be treated Ls is replaced by L0 in Eq. (13). Pa-
rameters for the driving condition are L0/R = 15000/ωm
so that the vibrational life time τ = L0/R = 15000/ωm
and a driver strength 2CdVd0ω/(C + Cd) = 3.95 ×
10−4n3/2ω2m/
√
β, which is strong enough to move the
nonlinear resonance up to ω ∼ 2ωm. The driving term
is Vd+ = −Vd− = Vd0 cosωt. Starting with a seeded
local mode the ILM amplitude is formed and locked to
the driver and the seed then removed. The frequency
locked ILM amplitude automatically increases the larger
the driver frequency difference is from the highest fre-
quency plane wave normal mode. In steady state the time
dependent displacement eigenvector Λi(t) is obtained for
each amplitude. Such simulations show that the ILM is
stable. The frequency squared as a function of λ is rep-
resented by the dotted line in Fig. 2(a). The results are
quite close to those found with the approximate analytic
three-equation method (dashed curve).
C. Eigenvalue simulations
To further test these two findings a third method is em-
ployed. This is to set the driver-damper = 0 in Eq. (13)
and then solve the equations numerically using Powell’s
hybrid method with Minpack.38 Again we assume a time
dependence Λi (t) = ξi cosωt and apply the rotating wave
approximation to the nonlinear terms. This gives a set
of eigenvector equations
− ω2ξi + ω
2
m
4
[2ξi − ξi+1 − ξi−1]
+
λω2m
4
(
2ξ3i − ξ3i+1 − ξ3i−1
)
= 0, (14)
with eigenvector solution ξi and frequency ω at a given
amplitude α = ξ0. One particular ILM solution obtained
from the driven-damped simulation is used as an initial
condition. The code then finds an ILM eigenvector that
satisfies the equations with some tolerance from this ini-
tial vector “guess” By changing the amplitude slightly
from α to α ± ∆α other ILM eigenvalues and eigenvec-
tors are generated for these new amplitudes. Continuing
this process gives the solid curve in Fig. 2(a). Note that
the analytic method results are below this curve. Since
all three curves are in good agreement the difference be-
tween them is plotted in Fig. 2(b) using the eigenvector
results as the baseline. The three-equation method gives
a fixed shift with respect to the solid eigenvector curve
while the driven-damped results give better agreement at
small amplitude but worse at larger ones.
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FIG. 3. Normalized flux and current eigenvectors for three dif-
ferent amplitude parameters, λ. Left column: (a)-(c) shows
flux eigenvectors for λ = 2, 4, 10 respectively. Right column:
(d)-(f) displays current eigenvectors for the same λ values.
Since each peak amplitude grows with increasing λ each or-
dinate value is normalized to the amplitude peak.
III. DISCUSSION
There is added value in now comparing the flux ILM re-
sults with those for the current ILM. Equation (1) is used
to make the conversion and a comparison of the eigenvec-
tors for different amplitudes is presented in Fig. 3. The
left column displays the flux ILM eigenvectors for three
different λ values while the right column shows the corre-
sponding results for the current ILM. Because the current
ILM is spatially compressed to a smaller number of unit
cells with respect to the flux ILM its nearest neighbors
show a dramatic decrease in relative amplitude with in-
creasing λ, indicating that the energy becomes more con-
centrated in the central cell. A more precise comparison
is to plot the nearest neighbor amplitude of the flux ILM
divided by the amplitude of the central element as a func-
tion of λ. We call this ratio NN in Fig. 4(a). It is clear
that in the asymptotic limit this ratio approaches 0.5, as
has been shown earlier to occur for a lattice dynamics
chain with hard quartic potential.39 In Fig. 4(b) the ra-
tio R of NN for the current ILM to NN for the flux ILM
demonstrates that for the asymptotic limit the current
ILM approaches that of a single element excitation.
IV. SUMMARY AND CONCLUSIONS
We have demonstrated that an electric transmission
line with nonlinear inductors and linear capacitors can
give rise to ILMs above the top of the plane wave spec-
trum. The nonlinear inductor behaves as an onsite non-
linear component, and when the array is transformed to
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FIG. 4. (a) Nearest neighbor amplitude to central element
ratio (NN) for the odd flux ILM vs λ. Solid curve: eigenvec-
tor method; dashed: three equation analytic method; dotted:
driven-damped method. At this resolution the solid and dot-
ted curves completely overlap. (b) Rato R of the current ILM
NN to the flux ILM NN vs λ. With increasing amplitude
the current ILM is spatially compressed to a smaller number
of cells compared to the flux ILM. In the asymptotic limit the
flux ILM approaches a three-element eigenvector while the
current ILM approaches a one-element one.
a flux nonlinear transmission line the resulting nonlinear
contribution appears as the analogue of an onsite poten-
tial. The resulting ILM is relatively straightforward to
identify. The flux ILM has been calculated in three dif-
ferent ways: they are the three equation approximate an-
alytic method, a driven damped method in a 50-element
lattice and a numerical eigenvalue method for the same
lattice. All three methods are in good agreement and
show that a current ILM is spatially compressed with
respect to the corresponding flux ILM.
To date all nonlinear lattice dynamic studies of inertial
systems have focused on the nonlinear potential to pro-
duce vibrational ILMs, which, typically, have localized
eigenvectors very similar to those of force constant defects
in a harmonic lattice9. Efforts in a related physics field14
suggested to us that for inertial lattices with strongly
nonseparable, nonlinear, vibrational modes, amplitude
dependent masses will need to be considered. To ap-
proach this nonlinear lattice problem indirectly we have
made use of the well-known lumped element transfer be-
tween 1-D electrical and mechanical transmission lines to
make use of a nonlinear electrical inductance to under-
stand the dynamical properties of an amplitude depen-
dent inertial mass. Our current study of a monotonic
electrical transmission line with an onsite nonlinear in-
ductance indicates that amplitude dependent masses of
either nonlinear sign, in a diatomic lattice, should give
rise to localized vibrational modes outside of the plane
5wave spectra. In the large amplitude limit it is expected
that they should have eigenvectors very similar to those
associated with mass defects in harmonic lattices40. Our
findings imply the dynamical picture for a strongly, non-
separable, nonlinear lattice will be to replace the system
with ILMs plus renormalized phonons. The ILM eigen-
vectors will be similar to the mass defect and force con-
stant defect types. This nonlinear inductive ILM study
strengthens the analogy between the dynamics of defects
in the harmonic lattice with ILMs in the strongly anhar-
monic lattice.
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Appendix
Finding the current dependence of the nonlinear in-
ductance associated with Eq. (3) involves solving a cubic
equation. We use Cardano’s method41 for the following
equation:
t3 + pt+ q = 0 (A.1)
where for Eq. (1) p = n
3
β and q = −n
3
β L0I. After some
algebra we find
Λ =
√
n3
3β
×
(
3
√
J +
√
J2 + 1 +
3
√
J −
√
J2 + 1
)
(A.2)
where the normalized current is
J ≡ 3
3/2β1/2
2n3/2
L0I (A.3)
and
λ =
1
4
(
3
√
J0 +
√
J20 + 1+
3
√
J0 −
√
J20 + 1
)2
(A.4)
where J0 is the maximum amplitude.
A typical current dependence of the nonlinear induc-
tance calculated using Eq. (3) is shown in frame (a)
of Fig. 5. For the linear inductance we assumed a
toroidal core made from a Mn-Zn ferrite known as “75
material”.42 Core dimensions are 12.7mm outer diame-
ter, 7.15mm inner diameter, and 4.9 mm thick. With an
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FIG. 5. (a) The current dependence of the nonlinear induc-
tance calculated in Appendix A. (b) The total flux as a func-
tion of the current. Half point of the inductance is at 36mA,
and the nonlinear parameter at that current is λ = 0.25, while
λ = 2.11 at 300mA. Coil dimensions are listed in the ap-
pendix.
effective magnetic pass length ℓ = 29.5mm and cross sec-
tion area s = 1.26×10−5 m2, a 10 turn winding (n = 10)
gives L0 = 615µH by using L0 = µlinsn
2/ℓ. The non-
linear parameter is estimated as follows. The magnetic
field H is calculated multiplying Eq. (1) by n/ℓ so
H =
nI
ℓ
=
1
L0
n
ℓ
nsB +
n
ℓ
β
L0n3
n3s3B3
=
1
µlin
B +
βs2
µlinn
B3 (A.5)
From the B − H curve of the material and Eq. (A.5),
the linear and nonlinear parameters are estimated to be
µlin = 13600µ0 and β = 1.205× 1012(1/Wb2), where µ0
is the magnetic permeability of vacuum. “75 material”
is known as a low-loss material with a small hysteresis.
We used the average value of the hysteresis loop to com-
pare with Eq. (A.5), over the middle magnetic field re-
gion <0.35T, smaller than saturation field of 0.43T. The
resulting inductance shown in Fig. 5 is very nonlinear.
According to Eq. (A.4) for I = 300mA λ ≈ 2.11. For
completeness frame (b) of Fig. 5 presents the dependence
of the flux on the current.
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